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£N1 . Abstract. Denote by J the operator of coefficient stripping. We show that for any free convolu- 

tion semigroup {/i t : t > 0} with finite variance, applying a single stripping produces semicircular 
evolution with non-zero initial condition, J\^t\ — P EB CT /3 * 7 > where ap n is the semicircular dis- 
tribution with mean (3 and variance 7. For more general freely infinitely divisible distributions r, 
expressions of the form p EH r fflt arise from stripping Ji t , where {(p, t , fi t ) : t > 0} form a semigroup 



< 



under the operation of two-state free convolution. The converse to this statement holds in the alge- 
braic setting. Numerous examples illustrating these constructions are computed. Additional results 
include the formula for generators of such semigroups. 



< 

q 

^ ' 1. Introduction 



A probability measure juonl all of whose moments are finite can be described by two sequences 
of Jacobi parameters: 

00, 01, 02, 03, 

7o, 7i, 72, 73, 



J{jl) 



> 

OO ' For example, its Cauchy transform 

<n : 

G^(z) = / dfi(x) 

J R z — X 

^ . (which determines the measure) has the continued fraction expansion 

G,(z) = 

z-fa 

U. „ 7i 

c$ ■ z-Px- 



Z-02 



72 



R 73 

z - Ps - 



z — . . . 

Define new measures $[//] and J\p\ by the right and left shifts on Jacobi parameters: 

'0, O , 01, 02, ■ 



\1, 7o, 7i, 72, ••• 



and 

J{J\jA) 



01, 02 , 03 , 04, 

7i, 72, 73, 74, 
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J is sometimes called coefficient stripping. Actually, both $ and J can be defined more gener- 
ally: <3> for any probability measure, and J for any probability measure with finite variance. See 
Definition 2. 

Let 

dop^x) = ——^47 - (x - /3) 2 cfe 

be the semicircular distribution with mean /3 and variance 7, and EH the operation of free convolu- 
tion. The semicircular family {<Jp t ,jt — c™ 7 '■ t > 0} forms a free convolution semigroup. General 
free convolution semigroups 

{fh -t > 0} 

with mean zero and variance t are indexed by probability measures p. In Proposition 9 of [Ansl la], 
we showed that for any such free convolution semigroup, 

so that the "once-stripped" free convolution semigroup is always a "free heat evolution" started at 
p. Needless to say, this statement has no analog for semigroups with respect to usual convolution. 
In the first result of the paper, we extend this formula to the case of general finite variance: for a 
free convolution semigroup {p t } with mean f3t and non-zero variance ^t, 

(1) J[p t }=pma™. 

Since any free convolution semigroup, when stripped, always gives a semicircular evolution, it is 
natural to ask for which families of measures {p t : t > 0} is 

(2) J[p t ]=pmr m 

for other measures r. The main result of the article is that if this is the case, there exists a free 
convolution semigroup {p t '■ t > 0} such that the family of pairs of measures {(ji t , p t ) : t > 0} 
form a semigroup under the operation EB C of two-state free convolution. Note that formula (2) can 
be assigned a meaning even if r is not freely infinitely divisible, for example when p = v EH r for 
some v; for every such r, v there exists a family of measures forming the first component of the 
two-state free convolution semigroup such that 

J[p t ] = v EH r ffl ( 1+ <) 

(recall that in free probability, r ffl(1+ *) is well defined for any r as long as t > 0). More generally, for 
some semigroups J\pt] = v EH tu m ( 1+t /p\ while r = w ffl ( 1 / p ) is not a positive measure. It is unclear 
at this point whether every two-state free convolution semigroup (with finite variance) is of this 
form. Nevertheless, a large group of examples fit into this framework: free convolution semigroups, 
Boolean convolution semigroups, two-state free Brownian motions, and two-state free Meixner 
distributions. Moreover, in the last section of the paper we show that in the algebraic setting, when 
(jit, pt) are linear functionals on polynomials but do not necessarily come from positive measures, 
formula (2) does always hold for some (not necessarily positive) r. In that section we also prove a 
basic formula for the moment generating function of the multivariate subordination distribution (see 
below), which really belongs on the long list of properties of that distribution proven in [Nic09]. 

The other aspects of two-state free convolution semigroups are investigated at the end of Section 3. 
We compute the two-state version of Voiculescu's evolution equation for the Cauchy transform. 
Then we combine it with the preceding results to find the formula for the generators of two-state 
free convolution semigroups with finite variance. 
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Finally, we would like to explain the connection between this article and part I of the same title 
[AnslO]. In [BN08, BN09], Belinschi and Nica proved that for a certain family of transformations 
{M t :t> 0}, one has 



Equation (1) follows from this observation after only a small amount of work. In part I, we con- 
structed a two-variable map $[•,•] and proved that 



Moreover, the transformation $[•, •] as defined in [AnslO] also comes from two-state free probabil- 
ity theory. In [Nic09], Nica observed that $[r, p\ is closely related to the subordination distribution 
tEjO, which is a more important object in free probability, and so will be used in computations in 
this paper. 

At this point the evolution formula (4) is only proven for measures all of whose moments are finite, 
while we are interested in a more general class of measures with finite variance. Moreover, the 
derivation of (1) from (3) does not generalize to a derivation of (2) from (4); the proof of (2) is 
quite different. Nevertheless, both this article and part I involve two-state free probability theory, 
and generalization of semicircular evolution to more general free convolution semigroups. 

Acknowledgments. The author is grateful to Dan Voiculescu for asking the question which led to 
Proposition 3, to Hari Bercovici for Lemma 6, and to Wojtek Mlotkowski for useful discussions. 



(3) 



B t [$[/>]] = $[pffla H *]. 



(4) 



M t Mr,p\] =$[r,pfflr fflt ]. 



2. Background 



Notation 1. Denote m[/j] and Var[/x] the mean and variance of ji, 



V = {probability measures on R} , 



V 2 = {/i E V : Var[//] < oo} , 



V 



{/i G "P 2 : rn[fj] = 0, Var[/i] = p} , 



{/i6?:|iffl -infinitely divisible} . 



For a probability measure ji on R, denote its Cauchy transform 




and 




(for a function /, / 



will denote its compositional rather than a multiplicative inverse). 
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2.1. Free, two-state free, and Boolean convolutions. For p EV, define its Voiculescu transform 

<t>n b y 

{<P ll oF,){z) + F,{z)=z 
See [BV93, VDN92]. The free convolution of two measures p EB v is determined by the equality 

<?W = + <t>v 

on a domain. A measure p is EB-infinitely divisible if p — p 1 for a free convolution semigroup 
{p t : t > 0}, for which 

/it EEI /i s = p t+s . 

In this case we denote p t = p m - A fundamental result in [NS96], extended to measures with 
unbounded support in [BB04], is that for any p, p m is defined for t > 1. 

We will refer to the set 

{(/3,7,p) :/3eR, 1 >0, p eV} 
as canonical triples. By a result of Maassen [Maa92], EEl-convolution semigroups with non-zero, 
finite variance 

{lit ■ t > 0, < Var[/ii] < oo} 
are in bijection with canonical triples, the bijection being given by 

(5) (/> IH (z)=fit + jtG p (z). 

Here j3 = m[fj,i] and 7 = Var[//i]. EB-convolution semigroups with zero variance are of the form 
Pt = Spt, an d so correspond to (/3, 0, •) with 7 = and p undefined. 

Similarly, for Jx, p EV, define the two-state Voiculescu transform by 

(6) ( ( p^oF^(z) + Fj 1 (z) = z. 

See [Kry07, Wanl 1]. The two-state free convolution of two pairs of measures 

(p, p EE! z/) = (//, p) EB C (u, u) 

is determined by the equality 

on a domain. The pair (Jl, p) is EEI c -infinitely divisible if (p,p) = (Jx\, p\) for a two-state free 
convolution semigroup {(jj, t ,pt) '■ t > 0}, for which 

(/I t ,/x t ) EB c = (fit+s,Pt+s)- 

In this case we denote (/I t , // t ) = (/!, /i) Bc *. 

For a fixed free convolution semigroup {p t '■ t > 0}, the EB c -convolution semigroups such that Jit 
has non-zero, finite variance are in bijection with canonical triples (/3,7, p), the bijection being 
given by 

Here /3 = m[/jti] and 7 = Var[px]. This does not appear to be stated explicitly, but follows from the 
description of general two-state freely infinitely divisible distributions in Theorem 4.1 of [Wanll]. 
Again, the case Varfpx] = can be included by setting 7 = and leaving p undefined. 

Finally, the Boolean convolution p tt) v is given by 

(p,5 ) EE! C (u,8 ) = (pWv,5 ). 
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More explicitly, <f)^s (z) = z - F^(z), so 

z - F^v{z) = {z- F^{z)) + (z- F v {z)). 

Any distribution is l±l -infinitely divisible, so [i m is always defined for any t > 0. 

Definition 2. For measures all of whose moments are finite, transformations $ and J were defined 
in the introduction. Here are the more general definitions. $ is a bijection 

$ : V ->• TV 

defined by 

F*[v\(z) = z - G„(z), 
see [BN08]. Conversely, for fi E V 2 with m[/j] = (5 and Var[/i] = 7 > 0, define by 

F ll (z) = z-l3->yGjM(z). 

Then 

J : V 2 -+ V, 

J o $ = I, and $ o J" = I on TV- 

Definition 3. Recall that all probability measures are infinitely divisible in the Boolean sense. The 
Boolean-to-free Bercovici-Pata bijection (see Section 6 in [BP99]) 

B : V ->■ Z£> ffl 

is defined by 

0bm(z) = 2 - -F M (z). 

More generally, define the Belinschi-Nica transformations [BN08] {M t : t > 0} on V by 
These transformations form a semigroup under composition, and M 1 = B. 

Definition 4. For e V, the subordination distribution [Len07, Nic09] /x [B v is the unique 
probability measure such that 

G i&v {z) = G v {F^ v {z)). 

If n E 1/ G XX? ffl , define [AnslO] 
Lemma 1. We /zave 

<^Hz» = {<t>n°F v ){z). 

Also, whenever $[p, /x] z's defined, 

z-F*m(z) = (0M oi ^)( z ) 

and 

= 0*[/x,i>],i>- 
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Proof. We compute 

The second property follows by combining this with the definition of B. Finally, 

(<Au ° ^)(^) + = z 

which implies the third property after comparison with equation (6). □ 

The following result is the analog of Corollary 4.13 in [Nic09] for single- variable, unbounded 
distributions. 

Lemma 2. If n e lV m , orifv = p ffl v' , then p LB v E lV m . 
Proof. If fie lV m , then for any * > 0, 

and so (p CB u) m = p m E v is well defined. 
If v — p EH i/, then 

= z- F^iF^iz)) =z- F^ mv ,{z) = B[/iEi/] O), 
andso l uE l / = B[ j uEi/']GlD E . □ 
Lemma 3. For (j3, 7, p) a canonical triple and t > 0, 

Bt[fy tti $[pH 7 ] = W $[p ffl Spt ffl a ffl7 *] W7 . 

Proof. The argument is a slight modification of Remark 4.4 (proof of Theorem 1.6) from [BN08]. 
Following that paper, denote by 9 the subordination function of p ffl Spt EH 0" ffi7t with respect to p, 
and by u the subordination function of (8p t±J ^[p]^) 53 ^ 1 ) with respect to (fy W $[p] a7 ). On the 
one hand, 

G^arM*) = G p {6{z)) 

and 

^ - F^^^) =/3 + iG p (z). 

Therefore 

(7) 0(2;) - F s ^[ p ]^{9{z)) = (5 + 7G' pffl5)9tffl(T ffl7t(2). 

On the other hand, denoting by 9 the subordination distribution of p ffl a mit with respect to p, by 
equation (4.8) in [BN08], 

9(z) = z-^tG^m^z). 

But 

G pm ^Az) = G pmaa Az - fit) = G p (9(z - fit)) = G p (9(z)). 

Thus 

9(z) = 9(z -0t) = z-0t- -ftG pS}a m Jt (z -pt) = z-0t- itG^s^m^z). 
Combining this with equation (7), we see that 

t9(z) - tF s ^ m ^(9(z)) =z- 9{z) 
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and 



o(z) = j-^j z + (i - ^y) VwW)- 



Then (see [BN08]) it follows that 9 = u, and so the argument concludes as in that paper: 



= \(z-u(z)) = \(z-9(z)) 

= (3 + 7C7 pffl< 5 j9tfflcr7 i (z) = z — F Sfj{±) ^ pm/3tma m 1 t]w-,(z). □ 

3. Single-variable, complex-analytic results 
Proposition 1. For any (j3, 7, p) a canonical triple, 

form a free convolution semigroup with non-zero, finite variance, and any such semigroup is of this 
form. In particular, 

The first equation holds also in the case of zero variance 7 = 0. 
Proof. Note first that 

<fa[$\p]](z) = z - F$[p](z) = G p {z). 
Thus using the Maassen representation (5), Belinschi-Nica transformations, the definition of B = 
Mi, and Lemma 3, any free convolution semigroup with finite variance {p t } can be re- written as 

iH = s flt mm[*\p]f« 
= B t _ 1 [^fflB[%]n brt 

For 7 = 0, we have p t = 8p t = &pt,o, so the equation still holds. □ 
Theorem 2. Let ^el and 7, 7 > 0. 
(a) Let r e lV m and peV. Define 

so that in particular 

J[p t ]=pmr m . 

Then there exists a free convolution semigroup {p t '■ t > 0} such that {(Jit, Pt) '■ t > 0}form 
a two-state free convolution semigroup. Namely, we take 

p = rEp 

and p t = p mt . 
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(b) Let p > and u, v £ V. Define p = vSuu, 

p = {u\Bp) m/p) 

and p t = H m - Then {{p t , Pt) '■ t > 0} form a two-state free convolution semigroup with 
finite variance, where 

so that in particular 

(c) Conversely, let {(p t , p t ) : t > 0} be a general two-state free convolution semigroup such 
that p t has finite variance, with the relative canonical triple ((3, 7, p). Then 

</>J\jh](z) = M z ) +t(^° F~ l )(z). 
If p,p are compactly supported, there exists a linear, unital, not necessarily positive func- 
tional t such that 4> T = 4>tL° F- 1 . Note that Var[r] = Var[/i] > 0. Then 

j[ji t } = paT m , 

in the sense that 

<Pj[jit]( z ) = M z ) + f M z ) 

for all t > 0. Moreover, u = r Ep £ V for sufficiently large p, and 

j[p t ] = pmcu m ^\ 

again interpreted as equality of Voiculescu transforms. 

Proof By Lemma 2, under the assumption in (a) p = r LB p £ lV m , while under the assumption in 
(b) p — (u LB p) S(1 / p ) g lV m . We will prove the conclusion in part (b); the proof of (a) is similar. 
By Lemma 1, 



Therefore 



W oF » t )( z ) = z ~ F ji t ( z ) 

— pt + 7tL7^ ffl (t/ P ) (z) 
1 



pt + It— - 



(F~ l + (t/p)^)-\z) 

= 0t + 7t ; 

7 ((z + t^oF^iz) 
= t0+i(G J! oF IH )(z)). 



It follows that 



<hkA z ) =t(P + ~fG?(z)), 
so {{fit, Pt) '■ t> 0} form a two-state free convolution semigroup with finite variance corresponding 
to the canonical triple 7, p) . 

Conversely, under the assumptions of part (c), using (6) 

z ~ F ji t (z) = t (0^ o F M J (z) = t ($ s . mm] wn o (z) =pt + yt (G ? o F^) (z) 
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and so 

Gj\ji t }(z) = Gp o F^ t 

and 

Fj [M {z) = F~ p oF„ t . 

Therefore 

f jU z ) = ( f p ° ^r 1 (*) = ° ^p 1 ) (*) = ^ (*) + ° ^x*) 

and so 

The last claims in part (c) follow from Corollary 7 and Lemma 6 below. □ 

Question. Let p E V, r E V, and suppose that p EH r m is defined for all t > 0, in the sense that 
4>p + t0 r is a Voiculescu transform of a positive measure. 

(a) Is r CB p necessarily in 1V B 7 

(b) Is p EB r ffl * necessarily equal to 

z/fflr ffl( P +t) = z/ffl ( r ffl P ) ffl ( 1 +*/ P ) 

for some p > and i/ E V such that r ffl ( p+ *) E 7? for all t > 0, and p = i/ EB r fflp ? Note that 
(b) implies (a). 

Lemma 4. The subordination distribution has the following properties. 

(pfflz/)LBp = (a* Hp) EB (i/Ep). 
ffB/i = B[$[//]]. 
p CB do = p. 
p[Bp = B[p]. 
5 a LB p = 5 a . 

There is a corresponding list of properties for $[•, •]. 
/Voo/ All these properties follow immediately from 

In a number of the following examples, free convolution semigroups {p t : t > 0} will have finite 
variance, and so will be associated with canonical triples (j3, 7, p). 

Example 1. Let r = ap :1 = 5p EB<x ffl7 be a semicircular distribution, and p EV. Then in the context 
of part (a) of the theorem, 

p= (^ffla ffl7 )LBp = ^ffll[$[p]] ffl7 , 

and so p = p. Therefore 

p t = 5~^n P m < 7 r = H^hw w ^ h) - 

In particular, for f3 — /3 and 7 = 7, it follows that p t = p t form a free convolution semigroup, 
and we are in the Belinschi-Nica context of Proposition 1. An arbitrary two-state free convolution 
semigroup with p t = pt and finite variance arises in this way. 
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Example 2. Let p = S and r e X"D ffl . Then in the context of part (a) of the theorem, \x = r LB 5 = 
r. Therefore 

These are the (distributions of) two-state free Brownian motions (in [Ansllb], they were called 
algebraic two-state free Brownian motions). An arbitrary two-state free convolution semigroup 
with J[jjL t ] = Pt arises in this way. 

Example 3. Let p e V and r = 5 p. Then in the context of part (a) of the theorem, p t = 5p t and 

p t = s^\s^[pms f3t ]^ t . 

For P — 0, this is a Boolean convolution semigroup, and an arbitrary Boolean convolution semi- 
group (with finite variance) arises in this way. For general j3 and measures all of whose moments 
are finite, these are precisely the families constructed in Proposition 7 of [AM 12]. 

On the other hand, if p t = 5^ t , for any free convolution semigroup {p t : t > 0} the measures 
{8p v p t ) form a two-state free convolution semigroup. 

Example 4. Let p > 0, u e V, and p = 5 U ffl w. Then in the context of part (b) of the theorem, 

/i = ((*_„ ffl p) LB p) ffl (VP) = 5 _ (u/p) ffl B^ffld/rt = B[j j_ (tt/j>) w ^(i/p)]. 
Now suppose that fi has finite variance, so that 

fi = 8? ffl B[$[p]] ffl7 = Iffy W $[pp]. 



Then 
So for 
we have 
and 



p — c/j, u = b — (3c/j 
p = ^W$[p]^=^ /7 fflc 



"y8t ^ ^ \yb-/3c/j 

If r = W ffl(7/H) e then p = ffl r m ^h) an d 

An arbitrary two-state free convolution semigroup with J\p\ = p arises in this way. 

Remark 1. A free Meixner distribution Pb,c,/3,-y with parameters b, j3 e M, c + 7, 7 > is the 
probability measure with Jacobi parameters 

(3, b + (3, b + {3, b + (3, 
7, c + 7, c + 7, c + 7, 

For other values of c, 7, these Jacobi parameters determine a unital, linear, but not positive definite 
functional. Normalized free Meixner distributions p b c = Pb,c,o,i have mean zero and variance I, 
and are positive for c > — 1. 

Free Meixner distributions form a two-parameter semigroup with respect to ffl: 

fJ>b,c,f3n ffl Pb,c,/3', 7 ' = Pfe, c ,/3+/3', 7+7 ', 



■7(/4,,c,. 
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see Definition 2 of [AM 12]. In particular, 

EBt 

Also, 

^>t[^b,c,l3,j\ = Vb+l3t,c+jt,l3,j- 

Lemma 5. The subordination function of two Meixner distributions with special parameters 

Hb,c,l3>,j> E /i6, c ,/3, 7 = fib+(3,c+y,/3',Y 

is again a free Meixner distribution. 

Proof Using Lemma 4 and the properties from the preceding remark, we compute 

^b,c,l3',j' E ^6,c,/3, 7 = (<V-/3t'/7 ffl /^c^T^) E /i6 jC)/ 3 j7 = Sp'-fo'/-, ffl ^6, c ,/3, 7 E P>b,c,/3,~^ 

= Sp-frf/i ffl B[/i b , C)/ 3, 7 ] ffl(7 /7) = V-/?7'/7 ffl ^Sj,2y,/9,7 
= Spi-pyifa ffl /ife +/3iC+7)( g 7 '/ 7i7 ' = // 6+i a ;C+7)/ 9' i7 /. 

□ 

Remark 2. For readers familiar with the monotone convolution >, since i/t>(/i[Hi/) = /x ffl the 
preceding lemma implies the identity 

/^6,c,/3,7 > A t fe+/3,c+ 7 ,/3', 7 ' = Hb,c,f3+f3' ,-y+Y ■ 

This result can also be proved directly using the F-transforms, but the computation is rather surpris- 
ing. Since /Xo,o,/3,7 are semicircular, //b,o,/3,7 f ree Poisson, // bj _ 7;j g i7 Bernoulli, and /Jo,- 7 ,o,2 7 arcsine 
distributions, we get various identities between them involving the monotone convolution. For 
example, 

A<v > Vb,c+i = fJ> b ,ci 

which for b = 0, c = — 1 says Bernoulli > Semicircle = Arcsine. See [MlolO] for related results. 

Example 5. As a particular case of Example 4, for c > and c > 0, let p = 5 b ffl a m ° and 

p — 6% W $[p] lt)c . In other words, 

J(p) A ' 6 ' 6 ' 6 ' ••• 

and 

J{P) 

Then p = ffl w for 

j^ = (Pch, Pch + b-\ pc/^ + b-b, (5ch + b-\ ... 

y C, C, C, C, ... 

So both p and w are free Meixner distributions, and as a result, we can compute their free convolu- 
tion, 

1 V c + 7*, c + 7t, c + t*, c + 7t, . . .y ' 



6, 6, 6, 6, ... 
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The corresponding two-state free convolution semigroup is {(Jit: A**)} with 

j(u)= (i tj I +f3t > b+f3t > 6+/?t ' 

y ' \jt, c + jt, c + yt, c + yt, 

and 

'pt, b + pt, b + pt, 



J ^ \jt, c + yt, c + yt, 
These are precisely the two-state free Meixner semigroups from [AM 12]. Finally, for r = u m(ct ^ , 



J(r) 



p, P + b-b, P + b-b, P + b-b, ... 
7, 7 + c-c, 7 + c-c, 7 + c-c, ... 



so r E V for 7 + c > c, and r e X£> s for c > c. 

Proposition 3. Let {p t , Pt) be a general two-state free convolution semigroup. Then we have two 
evolution equations 

(8) 9 t Fji t = </v(F Mt ) - 0^(F Mt ) - UF, t )d z F~^ t 

and 

Proof. The second equation is standard, see equation (3.18) in [VDN92]. Using (6), 

d t F~, t + + t^(F, t )d t F, t = dtFfr + faA^t) ~ ^(F^F^d^ = 

and 

d g F Jk +tt^ tll (F IH )d g F IH = l. 

Plugging in, we get 

dtF^ = -^AF, t ) + /7 F d f^ F ^A F ^)MF, t )d z F, t 

( Pji,tA r tJ-t) u z r m 

= MF, t ) - 4>nA F »t) - M F *)d* F iH- D 

Definition 5. The functional L t is the generator of the family {/j, t : t > 0} of functionals at time t, 
with domain V, if for any / e V 

(L t ,f) = j t (nt,f). 

Proposition 4. Let {p t , fit) be a general two-state free convolution semigroup with finite variance, 
with canonical triples j ((3, 7, p), (P, 7, p) j. Denote J[pt\ = v t , J[pt\ = ^t- Afote ?/z<5tf 

and for measures covered in Theorem 2, v t — p ffl r ffl *. 

TTzen ?/ze generators of the families {p t } and {p t } with domain 

V = Span -zeC\] 
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are, respectively, 

L t = lifit ®Pt® v t )d 2 - jCfit ®fl t ® i> t )d 2 

+ 0- (3){p t ® jk)d + 7(/Z t ® u t )(d x ®l)d + pjkd x 

and 

L t = j(fH <8> vt){d x ® l)^ + Pt-itdx- 
Here d : V — > V ® V is the difference quotient operation, 

\pf)(x,y) = . 

x-y 

Proof. Note first that 

(0^ o F^z) = \{^ t o F M J(^) = X -{z - F^(z)) = P + iG Vt (z) 
and similarly M o F^ t = (5 + 76^. Therefore in this case, equation (8) says 

dtFjit = (3 + ^G ut -0 + -{(5 + ^G Ut )d z Fji t . 

Equivalently, 



bo* = -(J5 + !G Vt -0 + ^G~ Vt )Gl -(J3 + !G Vt )d z G^. 



In other words, 



d t {fi t ,—^—) = -7 (fit ®p t ® u t ,d 2 ——) - (3 (fi t ® fit, d—^— 
z — x/ \ z—x/ \ z—x 

+ 7 (pt®Pt®v t ,d 2 — - — \ + p(p t ®Pt,d — - — 
\ z — x I \ z — x 

+ j(jjk®vt,{dx®l)d—}—)+p(jjk,d: ' 



z — xl V x Z — X 



The formula for the generator L t of {fit} on the span of such functions follows. The formula for L t 
follows by setting f! t — fi t . □ 

Remark 3. Setting t = in the preceding proposition, fi = Jl = 5 , v G = p, and u = p. Thus 

L f = l(So® P, (d x ® l)df) + (3 (S , d x f) = 7 / ^^ffl dp(y) + fif(0) 

Jr y 

and 

L f = ^(5 ®5o® p, 2 f) - 1 (5 ®5 ® p, 8 2 f) + 0-P) (S ® 5 , df) 
+ 1 (5 ®p, (d x ®l)df)+P(6 ,d x f) 
f(y) - /(0) - yf'(0) 



y 2 



d<rfP—YP)(y) + (P-P)f'(o) 



+ ^ MzZM ^ )(y)+mo) 

has exactly the same form as in Proposition 3 of [Ansl la]; see also Remark 1 1 of that paper. 
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Remark 4. Boolean evolution corresponds to ft — 7 = 0, /j, t — So- Then 

d t Fji t (z) = -fcsoiz). 

In fact, since (j>ji,s (z) = z — Fp(z), this is easy to see directly. It follows that in this case, 

L t = 7(/i t <g> Jx t <g> z^)<9 2 + /?(/Z t <g> /2t)9. 
For t = 0, we again get the formula from the preceding remark. 

Similarly, distributions of analytic two-state free Brownian motions correspond to 7 = 7 = 1, 
f3 — 0, Jx — and // = <^3 EH <r, so that v t = v t = jj, t . Then the generator formula reduces to 

Z t = -0(Jit & Jlt)d + (Jl t (g) nt)(d x <g> 1)9 + /3Ji t d x 

= Jl t ® Vt)d + d x (l ® A*t)9 + £0*) , 

consistent with the result of Proposition 24 in [Ansl la]. 

4. Background II 

4.1. Multivariate polynomials. The number rfeN will be fixed throughout the remainder of the 
article. Denote 

x = (x u x 2 , ...,x d ) 
a d-tuple of variables, and similarly for z, etc. Let 

C(x) = C{x 1 ,x 2 , ...,x d ) 

be the algebra of polynomials in d non-commuting variables. For k > 1 and 

u=(u(l),u(2),...,u(k))e{l,...,d} k 

a multi-index, denote 
Denote 

^aig(d) = {/i : C(xi, x 2 , . . . , Xd) — >■ C unital, linear functional} , 
For /3 G R d , the element e £> a ; 5 (c0 is 

^[^] = fo. 

4.2. Free, Boolean, and two-state free convolutions. Let /i e V alg (d). Denote its moment gen- 
erating function by 

ikP(z) = ^A*N^r- 
The (combinatorial) i?-transform i? M of /i is determined by 

(9) wfal + M"(z)), . . . , + M"(z))) = M"(z), 

see Lecture 16 of [NS06]. The free convolution of two functionals /j, EH v is determined by the 
equality 

i2" ffl " = R^ + R V . 
In this algebraic context, any functional is EB-infinitely divisible. 



FREE EVOLUTION ON ALGEBRAS WITH TWO STATES II 15 

Similarly, the ^-transform rf is 

7f(z) = (l + M^(z))- 1 M' 1 (z) 

(for a multivariate power series F, F^ 1 will denote its multiplicative inverse). The Boolean convo- 
lution of two functionals // l±l v is determined by the equality 

rf*" = rf + rf. 

Finally, for /I, G V a i g (d), the two-state i?-transform B?^ is determined by 

rf{z) = R^( Zl (l + M"(z)), . . . , z d (l + M"(z))) (1 + M^(z))- 1 , 
and the two-state free convolution of two pairs of functionals 

(p, fl ffl i/) = (/I, p) ffl c (£, i/) 

is determined by the equality 
See Section 2.5 of [AnslO]. 

If d — 1 and // is a compactly supported probability measure on R, it can be identified with an 
element of D oJff (l). In this case, the complex function transforms from Section 2 have power series 
expansions related to the power series from this section by 

1 + M»(z) = -G, Q , R»(z) = z<f> t 

rfW = \ - (;) , = *<h* (;) • 

4.3. Transformations. For v G V a i g (d), the functional <3>[z/] is determined by 

d 

i7*M(z) = 5>(l + M"(z))zi. 
i=i 

See [BN09] and [Ans09]. 

In the algebraic context, B is a bijection from V a i g (d) to itself determined by 

R m = ^ 

Finally, for /i, v G V a i g (d), the multivariate subordination distribution /i CB f G V a i g (d) is defined 
via 

(10) i^ E ^(z) = (1 + M"(z)) , . . . , z d (1 + M"(z))) (1 + M^(z))- 1 . 

See Definition 1.1 in [Nic09]. 
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5. MULTI-VARIATE, ALGEBRAIC RESULTS 

The following proposition is the analog of the single- variable relation G^ u (z) = G u (F g=] v (z)) . 
Proposition 5. The subordination distribution p, LB v satisfies 

1 + M^(z) = (l + AP^z)) (l + M" [z x {\ + AP^^z)), . . .,z d {l + M^ Eiy (z)))) . 
Consequently, for a fixed v, the map p >->■ p\Hu is a bijection on V a i g {d). 

Proof. Note first that the equation 

1 + M^(z) = (l + M A (z)) (l + AT (^(1 + M A (z)), . . . , z d (l + M A (z)))) 

has a unique solution A. Indeed, 

(/i EH = A[x 3 ] + i>[x, u } + P a (A[a^], v[x$] : < |w|) 

for some polynomial P^. 
Denote w { = z { (l + M A (z)). Then 

AP^z) = P^^x (1 + M" ffl "(z)) , . . .,z d (1 + M" ffl "(z))) 

= R^ v (w x (1 + M"(w)) , . . . , w d (1 + M"(w))) 

= P^ (1 + ikP(w)) , . . . , w d (1 + M"(w))) + ikP(w). 

On the other hand, 

M^(z) = (1 + M A (z)) (1 + M"(w)) - 1 
= M A (z) (1 + M"(w)) + AP(w) 
= P A (w) (1 + AP(w)) + M u (w). 

Combining these two equations, 

RP^W! (1 + M u (w)) ,...,w d (l + M"(w))) = P A (w) (1 + M u (w)) . 
Comparing with equation (10), we see that A = p LB v. 

The equation in the proposition shows that given v and A, p EH v, and consequently p, is uniquely 
determined. Conversely, the uniqueness statement above shows that given v and p, p DEI v is 
uniquely determined. □ 

In the multi-variate, algebraic context, all the results in Lemma 4 were proved in [Nic09], see 
Remark 1.2, Theorem 1.8, equation (5.7), and Proposition 5.3. We will use them without proof. 

Proposition 6. Let (5 e W 1 , 7 > 0, p e V a i g (d), and {p t : t > 0} C V a i g (d) a free convolution 
semigroup. Define a two-state free convolution semigroup {(fit, fJ>t) '■ t > 0} fry 

P^'(z) = t/3 • z + ^ (1 + AP(z)) 

i=l 
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Define r e V a i g (d) via 

pL — pLi — T [E p. 

Then 

Proof. By the preceding proposition, for v = r m , 

1 + AT H? (z) = (l + AT E? (z)) (l + Mt(z 1 (l + M v ^(z)),...,z d (l + M vm? (z)ty . 
Since 

fit = r m \Bp = u\Bp, 

this equation says that 

1 + M ^ rfflt (z) = (1 + M"*(z)) (l + M^^ 1 (l + M^(z)),...,^(l + M^(z)))) . 
On the other hand, 

rf*(x) = R^^Zi (1 + M w (z)) , . . . ,z d (1 + M"*(z))) (1 + M^(z))" 1 

d 

= t/5 • z + Zi (1 + M"(z)) (l + M ? (z! (1 + M w (z)) ,...,z d (l + M*(z)))) 

i=i 

Combining these two equations, it follows that 



if' (z) 



t/3-z + t7^^(l + M^ rfflt (z))^ 
i=i 

and 

Corollary 7. Let {(p t ,Pt) '■ t > 0} be a two-state free convolution semigroup of compactly sup- 
ported probability measures with non-zero variance. Then 

J[p t ]=pmr m 

for some p a compactly supported probability measure, and r a unital, not necessarily positive 
linear functional with non-negative variance. 

Proof. The result follows by applying the preceding proposition in the case d—1, when every com- 
pactly supported two-state free convolution semigroup is of the form specified in that proposition. 
Since for each t, 

Var[p] + 1 Var[r] = Var[J[/I t ]] > 0, 
it follows that Var[r] > 0. □ 

Lemma 6. Let r be a unital linear functional with positive variance such that that \ r[x n ] \ < C n for 
some C. Then r mt is positive definite, and so can be identified with a compactly supported measure, 
for sufficiently large t. 
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Proof. Without loss of generality, we may assume that r has mean and variance I. By assumption, 
the moments of r, and so also its free cumulants, grow no faster than exponentially. Therefore the 
i?-transform of r can be identified with an analytic function whose power series expansion at zero 
starts with z. It follows that for sufficiently large t, the i?-transform of D 1 / v ^r E * satisfies the 
conditions of Theorem 2 of [BV95]. Applying that theorem, we conclude that D 1 / v ^r fflt , and so 
also r m , can be identified with a positive measure. □ 
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